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Abstract
A subgroup of a group G is said to be π-quasinormal in G if it permutes with every Sylow sub-
group of G. A subgroup H of a group G is said to be π-quasinormally embedded in G if for each
prime dividing the order of H , a Sylow p-subgroup of H is also a Sylow p-subgroup of some π-qua-
sinormal subgroups of G. In this paper we investigate the influence of π-quasinormally embedded
of maximal or minimal subgroup of Sylow subgroups of the generalized Fitting subgroup of a finite
group.
The main theorems are as follows:
Theorem 1.1. Let F be a saturated formation containing U . Suppose that G is a group. Then G ∈F
if and only if there is a normal subgroup H of G such that G/H ∈F , and all maximal subgroups of
any Sylow subgroup of F∗(H) are π-quasinormally embedded in G.
Theorem 1.2. LetF be a saturated formation containing U and let G be a group. Then G ∈F if and
only if there is a normal subgroup H in G such that G/H ∈F and the subgroups of prime order or
order 4 of the generalized Fitting subgroup F∗(H) are π-quasinormally embedded in G.
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110 Y. Li, Y. Wang / Journal of Algebra 281 (2004) 109–123Theorem 1.3. Let F be a saturated formation such that N ⊆ F . Let G be a group such that every
element of order 4 of the generalized Fitting subgroup F∗(GF ) is π-quasinormally embedded in G.
Then G belongs to F if and only if 〈x〉 lies in the F-hypercenter ZF (G) of G for every element x of
prime order of F∗(GF ).
These results extended recent results of Asaad et al. [On S-quasinormally embedded subgroups
of finite groups, J. Pure Appl. Algebra 165 (2001) 129–135], Li et al. [The influence of minimal
subgroups on the structure of finite groups, Proc. Amer. Math. Soc., in press; The influence of
π-quasinormality of maximal subgroups of Sylow subgroups of a finite group, Arch. Math., in press].
 2004 Elsevier Inc. All rights reserved.
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1. Introduction and statement of results
All groups considered in this paper will be finite.
Two subgroups H and K of a group G are said to permute if HK = KH . So we have
that H and K permute iff the set of HK is a subgroup of G. A subgroup of a group G is
said to be π -quasinormal in G if it permutes with every Sylow subgroup of G. Recently,
Ballester-Bolinches and Pedraza Aguilera [5] introduced the following definition: a sub-
group H of a group G is said to be π -quasinormally embedded in G if for each prime p
dividing the order of H , a Sylow p-subgroup of H is also a Sylow p-subgroup of some
π -quasinormal subgroups of G. This idea give a good way to borrow a kind of normality
from other subgroups. Obviously, every π -quasinormal subgroup of G is π -quasinormally
embedded but the converse does not hold. We can easily see that for an arbitrary finite
group G, every Sylow subgroup of G is π -quasinormally embedded in G but the Sylow
2-subgroup of S3 is not π -quasinormal in S3. Let x be an element of G, we say that x is
π -quasinormally embedded in G if the cyclic subgroup 〈x〉 is π -quasinormally embedded
in G.
Let F be a class of groups. We call F a formation provided that
(i) if G ∈F and N G, then G/N ∈F , and
(ii) if N1,N2 G such that G/N1,G/N2 ∈F , then G/(N1 ∩ N2) ∈F .
A formation F is said to be saturated if G/Φ(G) ∈ F implies that G ∈ F . In this paper,
U , N will denote the class of all supersolvable groups and the class of all nilpotent groups
respectively. As well known results, U,N are saturated formations.
Let F be a saturated formation. A normal subgroup N of a group G is said to be
F -hypercentral in G provided N has a chain of subgroups 1 = N0  N1  · · ·Nr = N
such that Ni+1/Ni is an F -central chief factor of G. The product of all F -hypercentral
subgroups of G is again an F -hypercentral subgroup of G. It is denoted by ZF (G) and
called the F -hypercenter of G.
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in F . This uniquely determined normal subgroup of G is called the F -residual subgroup
of G and is denoted by GF .
For the formation N , some authors prefer to write K∞(G) as GN and Z∞(G) as
ZN (G) (see [10, III, Satz 2.5(d)]).
A number of authors have investigated the structure of a finite group G under the as-
sumption that some subgroups of G are well located in G. For example, Srinivasan [16]
proved that if the maximal subgroups of the Sylow subgroups of G are π -quasinormal
in G, then G is supersolvable. As a dual case of maximal subgroup, many authors have
considered how minimal subgroups can be embedded in a supersolvable group. Buckly [6]
proved that if G is a group of odd order and all minimal subgroups of G are normal in G,
then G is supersolvable. Later Shaalan [15] proved that if G is a finite group and every
cyclic subgroup of prime order or order 4 is π -quasinormal in G, then G is supersolvable.
More recently, Asaad et al. extended in [1] these results through the theory of formations.
Let F be a saturated formation containing U and let G be a group. Then G ∈F if there is
a normal solvable subgroup H in G such that G/H ∈F and the subgroups of prime order
or order 4 of the Fitting subgroup F(H) are π -quasinormal in G. It is natural to limit the
hypotheses of maximal/minimal subgroups to a smaller subgroup of G. Some people tried
the Fitting subgroup. Since every non-abelian simple group has a trivial Fitting subgroup,
one cannot expect a detailed structure if one only gives conditions on maximal/minimal
subgroups of F(G) without assume that G is not simple. So some authors have to assumed
the solvability of G to insure that F(G) is not identity group when G itself is not identity
group. For example, A. Ballester-Bolinches et al. proved in [5]: suppose G is a solvable
group with a normal subgroup H such that G/H is supersolvable. If all maximal subgroup
of any Sylow subgroups of F(H) are π -quasinormally embedded in G, then G is super-
solvable. Later Asaad et al. extend above in [2] through the theory of formations. Let F be
a saturated formation containing U and let G be a solvable group. Then G ∈F if there is a
normal solvable subgroup H of G such that G/H ∈ F and the maximal subgroups of the
Fitting subgroup F(H) are π -quasinormally embedded in G. It is of interesting to remove
the solvability of G in the hypothesis. We show in the present paper that we can remove
the solvability assumption of the group by replacing the hypothesis on Fitting subgroup
with the hypothesis on the generalized Fittting subgroup of some normal subgroup of G.
The main results are as follows:
Theorem 1.1. Let F be a saturated formation containing U . Suppose that G is a group.
Then G ∈ F if and only if there is a normal subgroup H of G such that G/H ∈ F , and
all maximal subgroups of any Sylow subgroup of F ∗(H) are π -quasinormally embedded
in G.
Theorem 1.2. Let F be a saturated formation containing U and let G be a group. Then
G ∈ F if and only if there is a normal subgroup H in G such that G/H ∈ F and the
subgroups of prime order or order 4 of the generalized Fitting subgroup F ∗(H) are
π -quasinormally embedded in G.
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in a nilpotent or a p-nilpotent group. Ito [10, III, 5.3] has proved that if G is a group of
odd order and all minimal subgroups of G lie in the center of G, then G is nilpotent. An
extension of Ito’s result is the following statement [10, IV, p. 435]: if for an odd prime p,
every subgroup of order p lies in the center of G, then G is p-nilpotent. If all the elements
of G of order 2 or 4 lie in the center of G, then G is 2-nilpotent. Many extension have made
by using formation theory, such as in [4,7,18,19]. In this paper, we extend all the results
mentioned above as following:
Theorem 1.3. Let F be a saturated formation such thatN ⊆F . Let G be a group such that
every element of order 4 of the generalized Fitting subgroup F ∗(GF ) is π -quasinormally
embedded in G. Then G belongs to F if and only if 〈x〉 lies in the F -hypercenter ZF (G)
of G for every element x of prime order of F ∗(GF ).
Definition. Let p be a prime and G be a group. We define:
Pp(G) =
{
x | x ∈ G, |x| = p},
P4(G) =
{
x | x ∈ G, |x| = 4},
P(G) =
⋃
p∈π(G)
Pp(G),
P∗(G) =P4(G) ∪P(G).
In Section 2, we give some preliminaries; in Section 3, we give the proofs of Theo-
rems 1.1 and 1.2; in Section 4, we give the detail discussion about Theorem 1.3.
2. Preliminaries
Lemma 2.1 (Kegel [10]).
(1) A π -quasinormal subgroup of G is subnormal in G;
(2) If H K G and H is π -quasinormal in G, then H is π -quasinormal in K;
(3) If H is π -quasinormal Hall subgroup of G , then H G;
(4) Let K G and K H . Then H is π -quasinormal in G if and only if H/K is π -qua-
sinormal in G/K .
Lemma 2.2 (Ballester-Bolinches, Pedraza-Aguilera [5, Lemma 1]). Suppose that U is
π -quasinormally embedded in a group G, H G and K a normal subgroup of G. Then:
(a) If U H , then U is π -quasinormally embedded in H ;
(b) UK is π -quasinormally embedded in G and UK/K is π -quasinormally embedded in
G/K;
(c) Let K H and H/K is π -quasinormally embedded in G/K , then H is π -quasinor-
mally embedded in G.
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and let G be a group. Then G ∈F if and only if G has a normal solvable subgroup H such
that G/H ∈F and the subgroups of prime order or order 4 of the Fitting subgroup F(H)
are π -quasinormal in G.
Lemma 2.4 (Li, Wang and Wei [14, Theorem 3.4]). Let F be a saturated formation con-
taining U and let G be a group. Then G ∈ F if and only if G has a normal subgroup
H such that G/H ∈ F and all maximal subgroups of any Sylow subgroup of F ∗(H) are
π -quasinormal in G.
Lemma 2.5 (Li, Wang [13, Theorem 3.3]). Let F be a saturated formation containing U
and let G be a group. Then G ∈ F if and only if G has a normal subgroup H such that
G/H ∈F and every element of P∗(F ∗(H)) is π -quasinormal in G.
Lemma 2.6 [10, IV, 5.4, p. 434]. Suppose that G is a group which is not p-nilpotent but
whose proper subgroups are all p-nilpotent. Then G is a group which is not nilpotent but
whose proper subgroups are all nilpotent.
Lemma 2.7 [10, III, 5.2, p. 281]. Suppose that G is a group which is not nilpotent but
whose proper subgroups are all nilpotent. Then
(i) G has a normal Sylow p-subgroup P for some prime p and G = PQ, where Q is a
non-normal cyclic q-subgroup for some prime q 	= p;
(ii) P/Φ(P) is a minimal normal subgroup of G/Φ(P);
(iii) If P is non-abelian and p 	= 2, then the exponent of P is p;
(iv) If P is non-abelian and p = 2, then the exponent of P is 4;
(v) If P is abelian, then P is of exponent p.
Lemma 2.8. Suppose G is a group and P is a normal p-subgroup of G contained in
Z∞(G), then CG(P)Op(G).
Proof. Suppose Q is a Sylow q-subgroup of G, q 	= p. Since G is a finite group, there
exists integer n such that Zn(G) = Z∞(G). Denote Pi = Zi(G) ∩ P , 0  i  n, then we
have a central series of P :
P = Pn 
Pn−1 
 · · · 
 P1 
 P0 = 1. (∗)
Since [G,Zi(G)]  Zi−1(G), 1  i  n, so [Q,Pi ]  P ∩ Zi−1(G) = Pi−1, 1  i  n,
i.e., Q acts trivially on (∗). Since q 	= p, applying [10, I, Satz 4.4] repeatedly, we have Q
acts trivially on P , thus CG(P) Q. Since Op(G) = 〈Q | Q ∈ Sylq(G), q 	= p〉. Hence
CG(P)Op(G). 
Lemma 2.9. Let G be a group and M a subgroup of G.
(1) If M is normal in G, then F ∗(M) F ∗(G).
(2) F ∗(G) 	= 1 if G 	= 1; in fact, F ∗(G)/F(G) = soc(F (G)CG(F(G))/F (G)).
(3) F ∗(F ∗(G)) = F ∗(G) F(G); if F ∗(G) is soluble, then F ∗(G) = F(G).
(4) Suppose K is a subgroup of G contained in Z(G), then F ∗(G/K) = F ∗(G)/K .
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(4) can be found in [13, Lemma 2.3]. 
Lemma 2.10 (Ballester-Bolinches, Pedraza-Aguilera [4]). Let F be a saturated forma-
tion. Assume that G is a group such that G does not belong to F and there exists a
maximal subgroup M of G such that M ∈ F and G = MF(G). Then GF/(GF )′ is an
F -eccentric chief factor of G. GF is a p-group for some prime p, GF has exponent p
if p > 2 and exponent at most 4 if p = 2. Moreover, GF is either elementary abelian or
(GF )′ = Z(GF ) = Φ(GF ) is an elementary abelian group.
3. Proofs of Theorems 1.1 and 1.2
We need a preliminary to give the proof of Theorem 1.1, which is a generalization of
[5, Theorem 2].
Theorem 3.1. Suppose G is a group with a normal subgroup H such that G/H is super-
solvable. If all maximal subgroups of any Sylow subgroup of F ∗(H) are π -quasinormally
embedded in G, then G is supersolvable.
Proof. Suppose that the theorem is false and let G be a counter-example of smallest order,
then we have:
(1) Every proper normal subgroup of G containing F ∗(H) is supersolvable.
If N is a proper normal subgroup of G containing F ∗(H), we have that N/N ∩
H ∼= NH/H is supersolvable. By Lemma 2.9, F ∗(H) = F ∗(F ∗(H))  F ∗(H ∩ N) 
F ∗(H), so F ∗(H ∩ N) = F ∗(H). Then all maximal subgroup of any Sylow subgroup of
F ∗(H ∩ N) (i.e., of F ∗(H)) are π -quasinormally embedded in G, thus in N by Lem-
ma 2.2(a). So N,N ∩ H satisfy the hypotheses of the theorem, the minimal choice of G
implies that N is supersolvable.
(2) H = G, and F ∗(G) = F(G) < G.
If H < G, then H is supersolvable by (1). In particular, H is solvable, so G is solvable
and F ∗(H) = F(H), then G is supersolvable by applying [2, Theorem 2], a contradiction.
If F ∗(G) = G, then G is supersolvable by [5, Theorem 1], a contradiction. Thus
F ∗(G) < G, it is supersolvable by (1), so F ∗(G) = F(G) by Lemma 2.9(3).
(3) Final contradiction.
Let P be a Sylow p-subgroup of F(G), for some prime p, and let P1 be an arbitrary
maximal subgroup of P . By hypotheses, P1 is π -quasinormally embedded in G. Then there
exists a π -quasinormal subgroup K of G such that P1 is a Sylow p-subgroup of K . Let Gq
be a Sylow q-subgroup of G for some prime q . If q = p, then P1 Gp as P = Op(G),
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P1 is normal in KGq , therefore P1Gq = GqP1. So P1 is π -quasinormal in G. Thus the
maximal subgroups of P are π -quasinormal in G. Applying Lemma 2.4 for the special
case of F = U , G is supersolvable, the final contradiction. 
Proof of Theorem 1.1. We only need to prove the “if” part. By Lemma 2.2, we have that
all maximal subgroups of any Sylow subgroup of F ∗(H) are π -quasinormally embedded
in H , now Theorem 3.1 implies that H is supersolvable. Then F ∗(H) = F(H). Let P
be a Sylow p-subgroup of F(H), for some prime p, and let P1 be an arbitrary maximal
subgroup of P . Since P is normal in G, it follows that P1 is subnormal in G and so
P1 Op(G). By hypotheses, P1 is π -quasinormally embedded in G. Then there exists a
π -quasinormal subgroup K of G such that P1 is a Sylow p-subgroup of K . Let Gq be a
Sylow q-subgroup of G for some prime q . If q = p, then P1 Gp as P1 Op(G), thus
P1Gp = GpP1. If q 	= p, then P1 is a subnormal Hall subgroup of KGq = GqK , and P1 is
normal in KGq , therefore P1Gq = GqP1. So P1 is π -quasinormal in G. Thus the maximal
subgroups of P are π -quasinormal in G. Applying Lemma 2.4, G belongs to F . 
For the purpose of giving proof of Theorem 1.2, we have followings first, which are the
generalizations of previous results such as Lemma 2.3, etc.
Theorem 3.2. Let F be a saturated formation containing U and let G be a group. Then
G ∈ F if and only if G has a normal solvable subgroup H such that G/H ∈ F and the
subgroups of prime order or order 4 of the Fitting subgroup F(H) are π -quasinormally
embedded in G.
Proof. We only need to prove the “if” part.
Let x be an element of prime order or order 4 of F(H). Then x is in Op(H). Since
Op(H) is normal in G, it follows that 〈x〉 is subnormal in G and so 〈x〉  Op(G). By
hypotheses, 〈x〉 is π -quasinormally embedded in G. Then there exists a π -quasinormal
subgroup K of G such that 〈x〉 is a Sylow p-subgroup of K . Let Gq be a Sylow q-subgroup
of G for some prime q . If q = p, then 〈x〉 Gp as 〈x〉 Op(G), thus 〈x〉Gp = Gp〈x〉.
If q 	= p, then 〈x〉 is a subnormal Hall subgroup of KGq = GqK , and 〈x〉 is normal in
KGq , therefore 〈x〉Gq = Gq〈x〉. So 〈x〉 is π -quasinormal in G. Thus all the element of
prime order or order 4 of F(H) are π -quasinormal in G. Applying Lemma 2.3, G belongs
to F . 
Theorem 3.3. Let G be a group. If all elements of prime order or order 4 of G are π -qua-
sinormally embedded in G, then G is supersolvable.
Proof. Assume the theorem is false and let G be a counterexample of minimal order. It is
obvious that the hypotheses of the theorem are inherited for subgroups of G. Our minimal
choice yields that G is not supersolvable but every proper subgroup of G is supersolvable.
A well-known result of Doerk implies that there exists a normal Sylow p-subgroup of G
such that G = PM , where M is supersolvable and if p > 2 then the exponent of P is p,
if p = 2, the exponent of P is 2 or 4. Let x be an arbitrary element of P . Since P is
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embedded in G. Then there exists a π -quasinormal subgroup K of G such that 〈x〉 is
a Sylow p-subgroup of K . Let Gq be a Sylow q-subgroup of G for some prime q . If
q = p, clearly 〈x〉P = P 〈x〉. If q 	= p, then 〈x〉 is a subnormal Hall subgroup of KGq =
GqK , and 〈x〉 is normal in KGq , therefore 〈x〉Gq = Gq〈x〉. So 〈x〉 is π -quasinormal
in G. Thus all the element of P are π -quasinormal in G. Since G/P is supersolvable,
applying [15, Theorem 3.4], we get G is supersolvable, a contradiction. Therefore there is
no counterexample and this completes our proof. 
Theorem 3.4. Let G be a group with a normal subgroup H such that G/H is supersolv-
able. If all elements of prime order or order 4 of the generalized Fitting subgroup F ∗(H)
are π -quasinormally embedded in G, then G is supersolvable.
Proof. Suppose that the theorem is false and let G be a counter-example of smallest order,
then we have:
(1) Every proper normal subgroup of G is supersolvable.
If N is a maximal normal subgroup of G, we have that N/H ∩ N is supersolvable,
F ∗(H ∩N) is contained in F ∗(N) by Lemma 2.9. So N,H ∩N satisfy the hypotheses of
the theorem. The minimal choice of G implies that N is supersolvable.
(2) H = G and F ∗(G) = F(G) < G.
If H < G, then H is supersolvable by (1), in particular, H is solvable, so F ∗(H) =
F(H), then G is supersolvable by applying Theorem 3.3 for the special case of F = U ,
a contradiction.
If F ∗(G) = G, then G is supersolvable by Theorem 3.4, a contradiction. Thus F ∗(G) <
G is supersolvable. Since F ∗(G) is solvable, F ∗(G) = F(G) by Lemma 2.9.
(3) Contradiction.
Let x be a element of prime order or order 4 of F(G). Then x is in Op(G), it follows that
〈x〉 is subnormal in G. By hypotheses, 〈x〉 is π -quasinormally embedded in G. Then there
exists a π -quasinormal subgroup K of G such that 〈x〉 is a Sylow p-subgroup of K . Let Gq
be a Sylow q-subgroup of G for some prime q . If q = p, then 〈x〉Gp as 〈x〉Op(G),
thus 〈x〉Gp = Gp〈x〉. If q 	= p, then 〈x〉 is a subnormal Hall subgroup of KGq = GqK ,
and 〈x〉 is normal in KGq , therefore 〈x〉Gq = Gq〈x〉. So 〈x〉 is π -quasinormal in G. Thus
all the element of prime order or order 4 of F(G) are π -quasinormal in G. Applying
Lemma 2.5 for the special case of F = U , G is supersolvable, a contradiction.
Therefore there is no counterexample and this completes our proof. 
Corollary 3.5. Let G be a group. If every element of prime order or order 4 of F ∗(G) is
π -quasinormally embedded in G, then G is supersolvable.
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of P∗(F ∗(H)) is π -quasinormally embedded in G, thus is π -quasinormally embedded in
H by Lemma 2.2. Corollary 3.6 implies that H is supersolvable, so F ∗(H) = F(H) and
hence G ∈F by applying Theorem 3.3. 
4. Discussion of Theorem 1.3
Theorem 4.1. Suppose G is a group, p is a fixed prime number. If every element of Pp(G)
is contained in Z∞(G). If p = 2, in addition, suppose every cyclic subgroup of order 4
of G is π -quasinormal in G or lies in Z∞(G), then G is p-nilpotent.
Proof. Suppose that the theorem is false and let G be a counter-example of smallest order.
(a) The hypotheses are inherited by all proper subgroup, thus G is a group which is not
p-nilpotent but whose proper subgroup subgroups are all p-nilpotent.
In fact, ∀H < G, K is a cyclic subgroup of H of order p (or 4 if p = 2), then K 
Z∞(G) ∩ H  Z∞(H). By Lemma 2.1(2), we know that the π -quasinormality in G can
imply the π -quasinormality in H . Thus H satisfies the hypotheses of the theorem in any
case. The minimal choice of G implies that H is p-nilpotent, thus G is a group which is
not p-nilpotent but whose proper subgroup subgroups are all p-nilpotent. By Lemmas 2.6
and 2.7, G = PQ, where P G and QG.
(b) p = 2 and every element of order 4 is π -quasinormal in G.
If not, then p > 2. By Lemma 2.7, exp(P ) = p. Thus P  Z∞(G) from the hypotheses.
Therefore G = PQ = P × Q is nilpotent by Lemma 4, a contradiction. If every element
of order 4 of G lies in Z∞(G), again P  Z∞(G), G = PQ = P × Q, a contradiction.
Thus (b) holds.
(c) ∀a ∈ P\Φ(P), o(a) = 4.
If not, there exists a ∈ P\Φ(P) such that o(a) = 2. Denote M = 〈aG〉  P . Then
MΦ(P)/Φ(P)  G/Φ(P), we have that P = MΦ(P) = M  Z∞(G) as P/Φ(P) is
a minimal normal subgroup of G/Φ(P) by Lemma 2.7, a contradiction.
(d) Final contradiction.
∀x ∈ P\Φ(P), o(x) = 4. Then 〈x〉 is π -quasinormal in G, so 〈x〉Q < G, thus 〈x〉Q =
〈x〉 × Q by (a). Therefore 〈x〉 ⊆ NG(Q), it follows that P ⊆ NG(Q), the final contradic-
tion. 
Using the same method as in Section 3, we can get:
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is contained in Z∞(G). If p = 2, in addition, suppose every cyclic subgroup of order 4 of
G is π -quasinormally embedded in G, then G is p-nilpotent.
Since a group G if nilpotent iff G is p-nilpotent, ∀p ∈ π(G). By Theorem 4.1, we have:
Theorem 4.2. Suppose G is a group. If every element of P(G) is contained in hypercenter
Z∞(G) of G, and every cyclic subgroup of order 4 of G is π -quasinormal in G or also
lies in Z∞(G), then G is nilpotent.
Remark 1. Theorems 4.1 and 4.2 are the generalizations of [18, Theorem 2.4(i)].
Corollary 4.2. Suppose G is a group. If every element of P(G) is contained in hypercenter
Z∞(G) of G, and every cyclic subgroup of order 4 of G is π -quasinormally embedded
in G, then G is nilpotent.
Theorem 4.3. Suppose N is a normal subgroup of a group G such that G/N is p-nilpotent,
where p is a fixed prime number. Suppose every element of Pp(N) is contained in Z∞(G).
If p = 2, in addition, suppose every cyclic subgroup of order 4 of N is π -quasinormal in G
or also lies in Z∞(G), then G is p-nilpotent.
Proof. Assume that the theorem is false and let G be a counterexample of minimal order,
then we have:
(a) The hypotheses are inherited by all proper subgroup, thus G is a group which is not
p-nilpotent but whose proper subgroup subgroups are all p-nilpotent.
In fact, ∀K < G, since G/N is p-nilpotent, K/K ∩ N ∼= KN/N is also p-nilpotent.
The element of order p or 4 of K ∩ N is contained in Z∞(G) ∩ K  Z∞(K), the cyclic
subgroup of order 4 of K ∩ N is π -quasinormal in G, then is π -quasinormal in K By
Lemma 1. Thus K,K ∩ N satisfy the hypotheses of the theorem in any case, so K is
p-nilpotent, therefore G is a group which is not p-nilpotent but whose proper subgroups
are all p-nilpotent. By Lemmas 2.6 and 2.7, G = PQ,P G,QG.
(b) G/P ∩N is p-nilpotent.
Since G/P ∼= Q is nilpotent, G/N is p-nilpotent and G/P ∩N G/P ×G/N , there-
fore G/P ∩ N is p-nilpotent.
(c) P N .
If P  N , then P ∩ N < P . So Q(P ∩ N) < QP = G. Thus Q(P ∩ N) is nilpotent
by (a), Q(P ∩ N) = Q × (P ∩ N). Since G/P ∩ N = P/P ∩ N · Q(P ∩ N)/P ∩ N , it
follows that Q(P ∩ N)/P ∩ N G/P ∩ N by (b). So Q charQ(P ∩ N)G. Therefore,
G = P ×Q, a contradiction.
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If p > 2, then exp(P ) = p by (a) and Lemma 2.7. Thus P = P ∩N  Z∞(G), Lemma 4
implies that G = P ×Q, a contradiction.
If p = 2, since P  G, so all elements of order 2 or 4 of G are contained in P , i.e.,
contained in N . Thus every element of order 2 of G lies in Z∞(G) , every cyclic sub-
group of order 4 is π -quasinormal in G or lies also in Z∞(G) by hypotheses. Applying
Theorem 4.1, we have that G is 2-nilpotent, a contradiction.
This completes our proof. 
Corollary 4.3. Suppose N is a normal subgroup of a group G such that G/N is p-
nilpotent, where p is a fixed prime number. Suppose every element of Pp(N) is contained
in Z∞(G). If p = 2, in addition, suppose every cyclic subgroup of order 4 of N is π -qua-
sinormally embedded in G, then G is p-nilpotent.
By Theorem 4.3, it is easy to see:
Theorem 4.4. Suppose N is a normal subgroup of a group G such that G/N is nilpotent.
Suppose every element of P(N) is contained in Z∞(G), every cyclic subgroup of order 4
of N is π -quasinormal in G or lies also in Z∞(G), then G is nilpotent.
Remark 2. Theorems 3 and 4 are generalizations of [18, Theorems 2.4 and 2.5] and
[19, Theorem 4].
Corollary 4.4. Suppose N is a normal subgroup of a group G such that G/N is nilpotent.
Suppose every element of P(N) is contained in Z∞(G), every cyclic subgroup of order 4
of N is π -quasinormally embedded in G, then G is nilpotent.
Theorem 4.5. Suppose N is a normal subgroup of a group G such that G/N is nilpotent.
Suppose every element of P4(F ∗(N)) is π -quasinormal in G, then G is nilpotent if and
only if every element of P(F ∗(N)) is contained in the hypercenter Z∞(G) of G.
Proof. If G is nilpotent, then G = Z∞(G), nothing need to prove. So we need to prove
only that the converse is true.
Let G be a counterexample of minimal order, then we have:
(1) Every proper normal subgroup of G is nilpotent.
If M is a maximal normal subgroup of G, we have that M/M ∩N is nilpotent, F ∗(M ∩
N) is contained in F ∗(N) and Z∞(G)∩M is contained in Z∞(M), so M,M ∩N satisfies
the hypotheses of the theorem. The minimal choice of G implies that M is nilpotent.
(2) F(G) is the unique maximal normal subgroup of G.
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maximal normal subgroup, M , say. The nilpotency of M implies that M = F(G).
(3) N = G, G′ = G and F ∗(G) = F(G) < G.
If N < G, then N is nilpotent by (1), thus F ∗(N) = F(N) = N . By Theorem 4, G
is nilpotent, a contradiction. Hence N = G, then F(G) < G and G/F(G) = G/M is
simple by (2). If G/M = G/F(G) is cyclic of prime order, then G is nilpotent by ap-
plying Theorem 4, thus G/M is a non-abelian simple group. G′ M implies G′ = G.
If F(G) < F ∗(G), then F ∗(N) = F ∗(G) = G. Again by Theorem 4.4 we have that G is
nilpotent, a contradiction, thus F(G) = F ∗(G).
(4) Final contradiction.
Since F ∗(G) is not the identity group, we may choose a minimal prime divisor q of
|F(G)| such that the Sylow q-subgroup Q of F(G) is a non-trivial normal subgroup of G.
We first prove that
G/CG(Q) is a q-group.
In fact, by the hypotheses, Ω1(Q) Z∞(G) , thus CG(Ω1(Q))Oq(G) by Lemma 2.8.
If q 	= 2, then CG(Q)Oq(G) by [9, p. 184, Theorem 3.10], so G/CG(Q) is a q-group. If
q = 2, for any cyclic group 〈x〉 of order 4 of Q, 〈x〉 is π -quasinormal in G by hypotheses.
Take now p any prime number distinct from 2 and P any Sylow p-subgroup of G. Then
〈x〉P is a subgroup of G. Moreover 〈x〉 is π -quasinormal in 〈x〉P thus 〈x〉 is subnormal
in 〈x〉P . Now 〈x〉 is a Sylow 2-subgroup of 〈x〉P , hence 〈x〉 is pronormal in 〈x〉P [9,
Exercise 6, p. 14]). Therefore 〈x〉 is normalized by P , thus centralized by P by applying
[9, p. 178, Theorem 2.4]. It follows that 〈x〉 is centralized by O2(G), thus Q is centralized
by O2(G)([10]), i.e., we have CG(Q)O2(G), so G/CG(Q) is a 2-group.
Since G = G′ by (3), we have that CG(Q) = G and so Q Z(G). Thus F ∗(G/Q) =
F ∗(G)/Q by Lemma 2.9(4). Consider the group G = G/Q. Since Q is a Sylow q-sub-
group of F ∗(G) with the minimal prime divisor, we have that every element y of prime
order r in F ∗(G) can be viewed as the image of an element y of prime order r in F ∗(G),
for every r > q . So y lies in Z∞(G) by hypotheses, thus y lies in Z∞(G/Q). Since
Z∞(G/Q) = Z∞(G)/Q as Q  Z(G) [17]. Obviously, F ∗(G/Q) has no 2-element. It
follows that G satisfies the hypotheses of the theorem, and from the minimal choice of G
it follows that G/Q is nilpotent and so G is nilpotent, the final contradiction.
The proof of the theorem is completed. 
Corollary 4.5. Suppose N is a normal subgroup of a group G such that G/N is nilpo-
tent. Suppose every element of P4(F ∗(N)) is π -quasinormally embedded in G, then G is
nilpotent if and only if every element of P(F ∗(N)) is contained in the hypercenter Z∞(G)
of G.
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yields the following.
Corollary 4.6. Let G be a group. Suppose that every element of order 4 of F ∗(G′) is
π -quasinormal in G, then G is nilpotent if and only if every element of P(F ∗(G′)) lies
in Z∞(G).
Corollary 4.6 extends a recent result of Isaacs [12, Lemma B] because if an element
x ∈ G lies in the center of G, it implies that x is π -quasinormal and x lies in Z∞(G).
Using formation terminology, it is easy to see that equivalent forms of Theorems 4.4
and 4.5 are as follows.
Theorem 4.4′. Let G be a finite group and K = GN be the nilpotent residual of G. Then
G is nilpotent if and only if 〈x〉 lies in the hypercenter Z∞(G) of G for every element x of
P(K) and y is π -quasinormal in G for every element y of P4(K).
Theorem 4.5′. Let G be a finite group and K = GN be the nilpotent residual of G. Then
G is nilpotent if and only if 〈x〉 lies in the hypercenter Z∞(G) of G for every element x of
P(F ∗(K)) and y is π -quasinormal in G for every element y of P4(F ∗(K)), where F ∗(K)
is the generalized Fitting subgroup of K .
Next we generalize Theorem 4.4′ to a saturated formation containing the class of all
nilpotent groups.
Theorem 4.6. Let F be a saturated formation such that N ⊆ F . Let G be a group such
that every element of P4(GF ) is π -quasinormal in G. Then G belongs to F if and only if
〈x〉 lies in the F -hypercenter ZF (G) of G for every element x ∈ P(GF ).
Proof. If G ∈ F , then ZF (G) = G and we are done. So we only need to prove that the
converse is true. Assume the theorem is false and let G be a counterexample of minimal
order. Then G /∈ F . Let x be an element of prime order of GF . Then x ∈ ZF (G) ∩ GF
which is contained in Z(GF ) by [8, IV, 6.10]. By Lemma 2.1(2), every element of P4(GF )
is π -quasinormal in GF . Theorem 4.2 implies that GF is nilpotent. If GF Φ(G), then
G/Φ(G) ∈ F , hence G ∈ F since F is saturated. This is a contradiction. So there exists
a maximal subgroup of G, say M , such that G = MGF = MF(G). By [3, Theorem 3.5],
we may choose M to be an F -critical maximal subgroup. Since G/MG /∈F , it follows that
ZF (G)M . Moreover, G-chief factor A/B below ZF (G) is actually an M-chief factor
and AutM(A/B) is isomorphic to AutG(A/B) because F(G) centralizes A/B . Conse-
quently ZF (G) is contained in ZF (M). By [8, IV, 1.17], MF  GF . Hence M satisfies
the hypotheses of the theorem. The minimal choice of G implies that M ∈F .
By Lemma 2.10, GF is a p-group for some prime p. If GF is elementary abelian,
then GF = Ω1(GF )  ZF (G) by Lemma 2.10 and the hypotheses, this would imply
G ∈F , a contradiction. So p = 2 and (GF )′ = Φ(GF ). Moreover, the similar proof as
[4, Theorem 1(iv)] follows that GF/Φ(GF ) is a chief factor of G.
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K Ω1(GF )  ZF (G). On the other hand, GF = KΦ(GF ) = K as GF/Φ(GF ) is a
chief factor of G. This is a contradiction. So for any x ∈ GF\Φ(GF ), o(x) = 4. Then 〈x〉
is π -quasinormal in G by hypotheses, thus for any q ∈ π(G), q 	= 2, 〈x〉 is normalized by
any Sylowq -subgroup Q of M . In another word, Q may be regarded as a action group of 〈x〉
by conjugation. But the automorphism group of cyclic group of order 4 is cyclic group of
order 2, so Q acts trivially on 〈x〉, i.e., Q centralize 〈x〉. Thus 〈x〉 is centralized by O2(M),
it implies that GF is centralized by O2(M). Hence O2(M)G as G = MGF . It follows
that G/MG is a 2-group. Therefore G/MG ∈F since N ⊆F , final contradiction. 
Remark 3. Theorem 4.6 does not hold for arbitrary formations. Let F be the formation
composed of all groups G such that GN , the nilpotent residual, is elementary abelian.
It is clear that N ⊆ F but F is not saturated. Take G = SL(2,3) and H = Z(G). Then
G/H ∈F and every element of P4(H) = Φ is π -quasinormal in G. However G does not
belong to F .
Remark 4. Theorem 4.6 is a generalization of [4, Theorems 4 and 6] and the main theorem
of [7].
Corollary 4.7. Let F be a saturated formation such that N ⊆ F . Let G be a group such
that every element of P4(GF ) is π -quasinormally embedded in G. Then G belongs to F
if and only if 〈x〉 lies in the F -hypercenter ZF (G) of G for every element x ∈P(GF ).
Proof. We only need to prove the “if” part. Assume the theorem is false and let G be a
counterexample of minimal order. Using the same argument in the proof of Theorem 4.6,
we can get that GF is a p-group, so GF  Op(G). By the same method as before, we
can prove that every element of P4(GF ) is π -quasinormal in G. Applying Theorem 4.6,
G ∈F , a contradiction. 
Now we give a generalization of Theorem 4.5′ with formation.
Theorem 4.7. Let F be a saturated formation such that N ⊆ F . Let G be a group such
that every element of P4(F ∗(GF )) is π -quasinormal in G. Then G belongs to F if and
only if 〈x〉 lies in the F -hypercenter ZF (G) of G for every element x ∈P(F ∗(GF )).
Proof. If G ∈F , then ZF (G) = G and we are done. So we only need to prove that the con-
verse is true. By the hypotheses P(F ∗(GF )) ZF (G) ∩ GF  Z(GF ) Z∞(GF ) [10,
IV, 6.10]. Every element of P4(F ∗(GF )) is π -quasinormal in G, thus is π -quasinormal
in GF by Lemma 2.1. Applying Theorem 4.5 for GF , we get GF is nilpotent. So
F ∗(GF ) = F(GF ) = GF . By the hypotheses, every element of P(GF ) lies in ZF (G)
and every element of P4(GF ) is π -quasinormal in G. Theorem 4.6 implies that G ∈ F .
These complete the proof of Theorem 4.7. 
Proof of Theorem 1.3. If G ∈ F , then ZF (G) = G and we are done. So we only need
to prove that the converse is true. By the hypotheses P(F ∗(GF ))  ZF (G) ∩ GF 
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embedded in G, thus is π -quasinormally embedded in GF by Lemma 2.2. Applying Corol-
lary 4.5 for GF , we get GF is nilpotent. So F ∗(GF ) = F(GF ) = GF . By the hypotheses,
every element of P(GF ) lies in ZF (G) and every element of P4(GF ) is π -quasinormally
embedded in G. Corollary 4.7 implies that G ∈ F . These complete the proof of Theo-
rem 1.3. 
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